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ABSTRACT

During the summers of 1963, 1964, and 1965, over 200
attempts were made at Stanford Unlversity to obtaln radar
reflections from the solar corona. A frequency near 25 MHz
was used with a 300 kW transmitter and an antenna of 25 dB
gain. The signal was produced by transmitting a sine wave
on one or the other of two distinct frequencies for 4 sec at
a time. The spacing of the two frequencies was 16, 40, and
50 kHz for successive years. For unamblguous range resolu-
tion, a special coding scheme (maximum-length sequence) was
employed to determine the fransmitter frequency for each
4 sec interval. Transmission was for the approximate time
needed for the radar signal to travel to the sun and return
to earth (about 1000 sec). Reception followed the cessation
of transmission and continued for the expected duration of
the reflected signal with receivers tuned to the two trans-
mitted frequencies. Signal processing included square-law
detection and extensive use of a digital computer to search
the received data for the transmitted signal, using the
technique of crosscorrelation. A dual-frequency system was
used, for it efficiently reduces the corruptive effects of
nonstationary noise from the sun and our galaxy.

Positive indications of echo returns were not obtained
for any of the individual runs, so groups of runs were
weighted and summed according to various criteria in order
to improve the detection capability. These criteria
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included segregation and weighting by year, noise level,
sunspot number, and the daily values of solar radar cross-
section measured at 38 MHz by the M.I.T. Astronomical Radar
Station near E1 Campo, Texas. These summations indicated
that the echoes were too weak for reliable detection.

Extensive evidence 1is given that the radar system
functloned properly during the experiments. This was demon-
strated by use of the principal system components in extensive
lunar radar work, by test runs involving the entire system,
and by reduction of M.I.T. solar echo data with the same
results as they obtalned. On this basis, a strong conclusion
may be drawn concerning the radar cross sectilion of the sun
during this period. It 1s shown that a radar cross sectlon
of twice the cross-sectional area of the visual disk would
produce a readlly detectable signal. Thus, for several
months during 1963-1965, the radar cross section of the sun
at 25 MHz was less than two units of disk area. This becomes
very linteresting when compared to the 1959 Stanford results
at the same frequency. In 1959, six separate measurements
with positive results indicated a radar cross section of
about 80 times the visual disk area. Since 1959 was near a
maXimum of the ll-year sunspot cycle and the present data
centered around the minimum of 1964, there appears to be a
strong correlation between the sun's radar cross sectlon at
25 MHz and its general activity as indexed by the sunspot

number. A large decrease of the average radar cross section
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was observed at 38 MHz by the M.I.T. group from 1961 to 1965.
This lends credence to the present conclusion. In addition,
the present results show (at least during sunspot minimum)
that the radar cross section at 25 MHz is not significantly
greater than at 38 MHz, as has been variously suggested.

An analysils of the entire system is made, accounting for
both time and frequency spread of the returned signal. An
analysis 1s also made of the effect of fluctuations in the
returned signal caused by the time-varying reflectivity of

the corona and to Faraday fading in the ilonosphere and corona.
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CHAPTER I

INTRODUCTION

In 1959 the first successful attempts to obtain radar
echoes from the sun were made at Stanford University
[Eshleman et al, 1960; Barthle, 1960]. The frequency used
was near 26 MHz and positive echo indications were received
for six attempts on five separate days. Since 1961 the Radar
Astronomical Station of the Massachusetts Institute of Tech-
nology Center for Space Research located near E1 Campo,
Texas, has intensively studied the radar properties of the
sun near 38 MHz [Abel et al, 1961 and 1962; Chisholm et al,
1964; James, 1964 and 1966]. Over 1000 runs have been made
and extensilve analysis has provided much information. Two
facts stand out: (1) The average radar cross section of the
sun measured at 38 MHz has been smaller than the apparent
cross section seen by the 1959 Stanford group at 26 MHz; and
(2) M.I.T. experienced a large decrease of cross section as
the sunspot number decreased between 1961 and 1964-1965.

A small number of runs were made during the summer of
1966 at the Arecibo Ionospheric Observatory facility in Puerto
Rico. A frequency of 40 MHz was used, and cross section
values substantially in agreement with the El1 Campo measure-
ments were obtained [Dyce].

At Stanford in 1962, attempts to detect the sun were
begun with a different and more sensitive system than was
used in the 1959 experiments. Equipment problems (and/or
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lack of sufficilent signal) prevented any signal detection in
that series of experiments. By the summer of 1963, the
system was fully ready and extensive data were taken then,
and additionally in 1964 and 1965.

The purpose of the experiments was to obtain information
on several measurable radar parameters at 25 MHz and to com-
pare them with the M.I.T. results at 38 MHz and the earlier
Stanford work at 26 MHz. The radar cross section of the sun
and its time varilance was the first parameter in importance.
Second was to be the measurement of total round-trip travel
time which would then gilve a measure of the depth of penetra-
tion of the signal into the corona. Coupled with these
measurements would be an 1lndication of the time spreading of
the returned signal due to the "soft" coronal target. This
would provide information on the distribution of electrons
within the corona. In addition, a spectral analysis of the
returned signal would gilve Information as to the gross motion
and turbulence of the corona.

The detalls, analysis, and results of the Stanford soclar
radar system used in 1963, 1964, and 1965 are presented in
this report. A model for the reflected signal 1s established
which incorporates the time and frequency spreading introduced
by the corona. The optimum detection scheme for a soft target
wilth certain restrictions upon the target's scattering function
1s then established. Two statistical models of the fading

phenomenon due to Faraday rotation are proposed and evaluated.
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In addition, a quasi-stationary model for the time-varying
reflectivity of the corona i1s proposed. The effects of
fading and a varilable coronal reflectivity upon the measure-
ment of the solar cross section are then evaluated and

discussed.
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CHAPTER II
RADAR CHARACTERISTICS OF THE SUN

As opposed to ailrplanes, bulldings, and planets which
possess physically stable features and are called "hard"
targets, the sun presents a "soft" target. Optically, the
sun appears to be restricted to the disk which subtends one-
half degree of arc from the earth. Thils is known as the
photosphere, but the region called the corona, which is
essentially fully ionized hydrogen, actually extends many
solar radlii outward from the visual sun. It is in this
region that radar signals are reflected. That this region
exlists can be seen from examination of any photograph of the
sun taken during a solar eclipse. This region apparently
possesses turbulence as well as gross outward motion (solar
wind). The electron density falls with distance away from
fthe sun. Within the coronal reglon, an electromagnetic wave
may propagate, providing the index of refraction is greater
than zero. If we assume a negliglble magnetic field, this
quantity, n, 1s given by

2 Ne2

Bsts eom(w2 + v2) ()

where N 1s the electron density, v 1s the collision
frequency, w 1s the radian frequency, e and m represent
the charge and mass of the electron, and €q is free space

permittivity. When an electromagnetic wave reaches a surface
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of n =0, 1t can no longer propagate and is therefore
reflected. The corona is not symmetric and varies with time,
therefore the reflecting surface presents an irregular reflec-
tor of varying shape. The resultant returned radar signal is
thus smeared 1n time due to reflection from various depths in
the corona. If 1s also smeared in frequency due to coronal
turbulence which produces doppler spreading.

Attenuation of the signal due to absorption, as well as
group path time delay, will also occur. Since a higher fre-
quency signal wlll penetrate further into the corona before
being reflected, the attenuation will be larger as well.
However, high antenna gains are more readily obtained as the
wavelength becomes smaller. Overall quantitative consider-
ations [Kerr, 1952; Bass and Braude, 1957] have indicated
that a frequency in the 20 to 50 MHz range is probably optimum
for radar detection, with the lower limit being imposed by
the earth's ionosphere. A number of measurements were made
at the Jicamarca Radar Observatory in Peru in 1963 and 1964
at 50 MHz [Klemperer]. No echoes were detected, although the
system sensitivity was such that if the radar cross section
were comparable at 38 and 50 MHz, positive results would have
been obtained. This indicates that 50 MHz is probably above
the optimum frequency range.

Because of the large time and frequency spreading of the
reflected signal in the corona, normal radar techniques for

hard targets are quite impractical. The frequency spread
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requires that a wide bandwidth be used, but this then permits
a great amount of noise to enter the system. Because of the
time spreading, coherent signal detection cannot be achieved
and detection can only be performed on the basis of received
energy. However, it is precisely because of these effects
that the nature of the sun may be investigated. Because of
the dynamic nature of the sun, 1t certainly 1s the most
interesting target presently capable of being studied by

earth-based radar.
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CHAPTER III

THE STANFORD SOLAR RADAR

Figure 1 1s a block diagram of the Stanford solar radar.
The antenna is described elsewhere [Howard, 1965]; but
briefly, it is a phased array of 48 log-periodic elements

arranged in two parallel 1150 ft rows of 24 elements each.

ANTENNA
RECEIVER
AT FREQUENCY
f R, FREQUENCY [ '[CONVERTER
I ‘
TAPE
300 kW .
FREQUENCY LINEAR TR IF AUDIO
SELECTOR SWITCH
AMPLIFIER RECORDER
[ RECEIVER
AT L FREQUENCY
FREQUENCY | | CONVERTER
SHIFT -
REGISTER STRIP ?
CHART
RECORDER WWV
SIGNAL
CONTROL Jt
CIRCUITS
| SEC
CLOCK

Fig. 1. STANFORD SOLAR RADAR BLOCK DIAGRAM.

The antenna was designed for radar astronomy purposes and
has a fan beam with a thickness of approximately 2° north to
south and a width of about 30° east to west. The measured
gain is 25.3 dB.

The transmitter is a linear amplifier capable of 300 kW
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average power output. The transmitted signal is a frequency-
shift-keyed sinusoid with basic pulse length of 4 sec. The
frequency was near 25 MHz for all three years, while the fre-
quency shift was 16 kHz, 40 kHz, and 50 kHz for 1963, 1964,
and 1965, respectively. The keying is derived from a seven-
stage feedback shift register [Golomb, 1964]. A shift regis-
ter of n stages with proper feedback produces a periodic
binary sequence of period 2" - 1. Thus the basic sequence
length 1is 127. It is repeated nearly twice to provide a
total signal length of about 1000 sec, which is the nominal
round-trip travel time for signals reflected from the sun.
(Chapter IV will discuss the signal in more detail.)

The keying sequence is recorded on a strip chart for
later verification. The control circults provide the neces-
sary timing and counting to guarantee timing knowledge in the
reductlion of the recorded data. The tape recorder was turned
on 30 sec before the transmit sequence ended. After the
transmitter was fturned off and the recelvers were connected,
the 1 sec clock was recorded on the strip chart and magnetic
tape. This began at an integral number of seconds from trans-
mit beginning and continued throughout the reception period.

The R-390 receivers (one for each transmitted frequency)
were tuned slightly higher than the transmitted frequencies
in anticipation of doppler shift. The receiver bandwldths
were nominally 16 kHz. The receivers' automatic galn controls

were left off and the intermediate frequency signal was
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translated down to the audio range and recorded. Table 1
lists the various frequencies involved. The tape recorder
center frequency corresponds to that frequency to which the
IF center frequency (455 kHz) is shifted. The tape recorder
zero-doppler frequency is the frequency where returned signal

would be found if no doppler spread or shift were experienced.

TABLE 1. SUMMARY OF OPERATING FREQUENCIES

Tape
Transmltter Receiver Recorder Tape Recorder
Year Frequencies Frequencies Center Zero-Doppler
MHzZ ) MHz ) Frequency Frequency
(kHz) (kHz)
1963 24.900 24,901
12.4 11.4
24.916 24,917
1964 24,901 24.903
12.4 10.4
24,941 24,943
1965 24,825 24,827
9.0 7.0
24,875 24 .877

A block diagram of the signal processor is shown in
Fig. 2. The signal passes through a filter to eliminate
noise outside the data bandwidth (principally 60 Hz and tape
noise); 1t is limited to eliminate impulsive noilse and inter-
ference, and then squared to obtain the power. The power is
then integrated for 1 sec periods and sampled. The voltage-
to-frequency converter produces a pulse traln whose frequency
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*ﬂ<lCHANNEL
TAPE VOLTAGE |
BANDPASS __IAMPLITUDE ,I SQUARE LOWPASS T0
FILTER |™ LIMITER LAW P ™ COUNTER
recoroer| | | | DEVICE FILTER I | CoNVeRTER
—J4ZCHANNEL A
_L Yy
TIMING o TIMING IBM 1620
CIRCUITS COMPUTER
!
IBM 7090
COMPUTER
i
OUTPUT

Fig. 2. SIGNAL PROCESSOR BLOCK DIAGRAM.

is proportional to its input voltage level. By counting the
pulses for 1 sec, the integral of power for that interval is
obtained. Gating, sampling, and resetting of the counter is
referenced to the 1 sec clock pulses recorded on the magnetic
tape during reception. The numbers obtailned are automatically
punched on cards. Each of the two channels of data 1is reduced
with this scheme. The cards are fed into an IBM 7090 computer
where the data are normalized to account for different gains
in equipment at the two frequenciles. Subtraction of the two
sets of data points for corresponding samples in time is per-
formed. This difference is then digitally correlated against
the original transmitted sequence.

A great simplification of the entire system appears in
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Fig. 3. That this accurately represents the physical system

)

will

Ve - - -~ ~ n o~ L oS A ~ o
e shown later. A short discussion of operat

reference to Fig. 3 will now be given. The transmitter trans-
mits a sine wave at eilther frequency fl or f2. The coding
is according to the maximum-length sequence signal s(t). 1In
the recelver, the outputs of the square-law detectors give

the powers at the two frequencies and their difference gives

a replica of the original transmit sequence (plus noise).
Crosscorrelation of thils difference with the transmit sequence

is the optimum detector for small time spread of the returned

signal.

The choice of this system was made by considering many
aspects of the total problem. The choices of 25 MHz as the
operating frequency and use of the log-periliodic array instead
of the Stanford/SRI 150 ft steerable parabolic-dish antenna
were made after an investigation of the effect of frequency
and equipment upon signhal-to-noise ratio showed these choices
to be best [Yoh, 1961].

The choice of a frequency~shiftlng transmit scheme was
made upon consideration of the improvement in signal-to-noise
ratio obtained by Barthle [1960] and the successful use of
such a system at E1 Campo. Much of the background noise is
nonstationary and contributes power at both frequencles.

With a two-frequency system, this component tends to cancel
out due to the subtraction of the powers at the two frequen-
ciles. This gives a system which is considerably more sensi-

tive than if only a single frequency were used.
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Since the sun was in the fan beam of the antenna for
2 hours each day, 1t was possible to make two runs per day
with the sun in the highest gain portion of the beam. Trans-
mission was for approximately the calculated round-trip time
each day (about 1000 sec), with a reception period of the
same length.

The noise is principally galactic sky noise plus inter-
ference. Solar noise at this frequency is calculated to be
only a few percent of the galactic noise, and the sun 1s not
"visible" when it passes through the antenna beam unless it
1s particularly noilsy. Receiver noise 1s negligible at this
frequency. The summer months were chosen for the experiments
because then the antenna gain is highest at the high summer
elevation angle of the sun. In addition, the background
noise level is minimum for that area of the sky in which the
sun 1s located during transit. The minimum effective antenna
temperature, corrected for line losses, occurs in August and

was typically measured to be 24,000°K.
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CHAPTER IV

SYSTEM ANALYSIS

The solar radar system described previously will be ana-
lyzed in this chapter. The effects of time spread, doppler
spreading and shifting, fluctuations in cross section,
Faraday rotation, and a gaussian nolse background will be
discussed.

The radar cross sectlon of a target is defined as that
area normal to the signal path which would produce the actual
recelved power level 1if the power it intercepted from the
transmitter were reradiated 1sotropically. Accordingly, the

standard radar equation is

PeGy G 1

P, = A = (2)
r 4WR2 4WR2 2

where P = receilved power
Pt = transmitted power
G

£ = transmitting antenna gain

o = target radar cross section
A = recelving antenna effectlve area
R = target range

The factor of one-half accounts for the fact that a linearly
polarized antenna can intercept only half of the energy of a
silgnal whose polarization goes through several rotations

during reception. In James [1966] experiments at 38 MHz are
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reported which showed that the received signal did indeed g0
through a sufficient number of polarization cycles such that
the signal energies 1n two quadrature linear polarizations
were approximately the same. Whether this was principally
due to changes in coronal or ionospheric Faraday rotation is
not known.

At 25 MHz the number of rotations in 1000 sec due only
to changes in the ionosphere is probably sufficient to make
use of this factor reasonable for an individual run, while
for the sum of many runs there is no doubt as to its validity.
If polarization changes caused by either the corona or the
ionosphere cause fading which is fast compared to the length
of the signal, then their effect may be included quite accu-
rately by the factor of one-half. The quantitative effect of
Faraday-rotation signal modulation will be considered later
in detail.

If time spread of the returned signal becomes comparable
fo the basic pulse length, then the equation must be corrected
for the resultant loss of power.

The two-dimensional distribution in time and frequency
for the energy of a returned radar signal of short duration
is known as the scattering function of a radar target [Green,
1962]. Two one-dimensional functions are satisfactory to
describe the present radar system. These are the echo power
spectrum G(f) and the power impulse response h(t). The

first is the power spectrum of the returned signal if a
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continuous sinusoid were the transmitted signal. Figure 4
shows a possible echo power spectrum. The second is the
power received as a function of relative delay 1f a short
radio frequency pulse were transmitted. Figure 5 shows a
possible h(t). The power impulse response represents a

linear filter in terms of power. Thus, returned signal power

G(f)

T
0 RELATIVE FREQUENCY

Fig. 4. A POSSIBLE ECHO SPECTRUM.

n{t

RELATIVE DELAY

o

Fig. 5. A POSSIBLE POWER IMPULSE RESPONSE.

is simply a convolution of the power in the transmltted
signal with the h(t) for the target. Generally, both of
these functions vary with time. Also 1t must be noted that
since a general soft target could produce frequency spreading
and time spreading quite independently of each other, the

reduction of the scattering function to two one-dimensional
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distributions 1s equivalent to studying a target with a
Scattering function which is directly factorable into the
product of G(f) and h(t). When knowledge of the scatter-
ing function can only be crudely estimated, this technique
is entirely reasonable.

The coding sequence s(t) 4is either plus or minus one
for 4 sec at a time according to the shift register output.
Transmission at frequency ¢

occurs for +1 and ¢ for -1.

1 2
The normalized analog autocorrelation of s(t) (as derived
from the periodic output of the shift register) is

1000

o(t) = Iﬁ%ﬁ' s(t) s(t - 7) dt (3)
0

The digital form of the signal sequence 1s defined by

s, = s(t) t e (k-1, k) (4)

100
J 1000 R k7k=J

This is shown in Fig. 6 for j between +100 sec. Each
"plateau" reprecscnts a point of the digital autocorrelation
which is a sampling of the analog autocorrelation function
which in turn is actually continuous. This format for corre-

lation plotting will be used henceforth. There are sidelobes
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SIGNAL AUTOCORREL ATION P]

|
|
|

T i —— -4

-100 0 100
TIME DELAY j(sec)

Fig. 6. SIGNAL AUTOCORRELATION.

with about half the amplitude of the central peak at t508 and
t524 sec due to repetition of the sequence nearly twice. The
signal arrival time ambiguity 1is only a few seconds so confu-
sion cannot result.

The transmitted signal, given as voltage on an equivalent

10 transmission line, is

T(t) = 2P s,(t) cos (2rf t + ¢;)
+ J??'sg(t) cos (2mrf, bt + @,)

where P 18 the average transmitter power, fl and f2 are

the transmitting frequencies, ¢l and @2 are random phase
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angles, while sl(t) and sg(t) are the channel signal

codings given by

s1(8) = % [1 + s(¢)]

(7)
so(t) = 3 (1 - s(t)]

The receiver model is shown in Fig. 7. For simplicity,
the analog signals in the processor are considered to be at

the actual received frequencies, instead of in the audio

ANTENNA

SIGNAL POWER POWER
SEPARATION ~ DETECTOR  INTEGRATOR NORMALIZATION CROSSCORREL ATION
e ~ N 7 = ) e, ’ - — Ve - —
k '
BANDPASS L } Xy
$~| « b~ FuTER |~ squarer | f (-)ar 175
HI“) k-1
r(1)| f  CHANNEL xif) X S 1000
2 k=1
f, CHANNEL y(t) %
BANDPASS f" )
1 %2 [ TUER [ sousmer b=l [ 17y - e
# k-1 k
N— s N v )
ANALOG SIGNALS DIGITAL SIGNALS

Fig. 7. RECEIVER MODEL.

range as was the actual case, since a translation in fre-
quency does not change the essential character of the signals.

K, and K, represent the (unknown) gains of the two
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channels. Normalizatlon of the digilul Java pulinus 1n eacn
channel 1s done by dividing by the mean of each channel.
This resolves the values of K1 and K, and accurately
balances the effective channel gains. The time index k is
an integral number of seconds from some convenlent reference.
Bandpass filters H,(f) and H,o(f) have the same shape
H(f) relative to the transmitted frequency each 1s to receive.
They incorporate all the frequency characteristics of the
system.

Let us assume temporarily that there is no time spread
or fading of the signal. Let the noise be additive, statilon-
ary, gausslan, zero mean, and wilth a flat two-sided power
spectrum, N(f), of NO/? watts/Hz over all frequencies of
interest. Thus the noise, since it 1s gausslan, 1s indepen-
dent 1in the two channels. In actuallty, the noise 1s not
gausslan as 1s apparent from the high correlation experilenced
between the values of X and Ve However, the experimental
statistics of the difference dk between the channels are
nearly what 1s expected for the assumption of gausslan noise
at the input. Hence much of the nongaussian noilse does cancel
out and the initlal assumption of gausslian nolse 1s reasonable.
The returned signal 1s modeled as a keyed; narrowband, random
slignal near each of the transmitted frequencies. The keying
of these "random carrier waves" is to correspond to the

origlinal transmitter encoding since we are temporarily
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neglecting time spread. More precisely, the received signal

is assumed to be of the form

r(t) = vF 5,(t) 8 (t) + V& s,(t) g(t) + n(t) (8)

where 81 and S, are the channel codings (il)’ n is the
background noise, and R 1s the total power in the returned
signal. The time functions 8, and 8, are assumed to be
independent, statilonary, zero-mean, gaussian, narrowband
random processes with unity average power, which represent
the doppler effects produced by the target. When Gi(f) is
defined as the power spectrum of gi(t), then

o

E[gi

t)] =1 = S G (f) af (9)

where E[-] denotes statistical expectation. G,(f) and

1 (
G2(f) are defined to have the same shape relative to their
respective original transmitted frequencies since the trans-
mitted frequencies are closely spaced and the dopper spreading
at each frequency will be nearly identical. A possible con-
figuration is shown in Fig. 8. The pairs of frequency func-

tions, G

and G2, Gl and H2, G2 and H H and H

1 1’ 1 27
are all assumed to be disjoint. This corresponds to assuming
that no energy from one channel overlaps into the other chan-
nel. Because the Gi(f) have the same relative shape, the

equivalent function G(f) will later be used for all spectral

considerations. G(f) 1s defined as the (bandpass) power
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CARRIERS.

spectrum of the random carriers,

to the same single frequency. A
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SPECTRA FOR THE RANDOM

when normaglized in frequency

similar argument Jjustifies

representing Hl(f) and Hg(f) of Fig. 7 by an equivalent
H(f), which is still a bandpass function. Let us further
define the (single channel) noise bandwidth W of the
recelving system as

%

{ n(e) 12 ot

0

TR o)

where [/
It is convenient to consider £y
|H(F) .
[H(f,) |

value of
consider

SEL-67-071

normalized to
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1s some frequency within the passband of H(f).

to correspond to the maximum

Without loss of generality we may then

unity. Thus
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and

W= S; |H(£)|® ar (12)

In the appendix, the system analysis is carried through
with the above assumptions and the additional assumption that
the average input signal-to-noise power ratio is significantly
less than unity. The signal component of the correlation out-

put Cj is shown to be

(A-26)

where £ 1s that fraction of the total received power R
that 1s passed through the filtering characteristics of the
system and 1is defined by [cf. (A-13)]

o0

1>p =\ a(f) |5(£)|? ar (13)
- 00
pj-(T -7 ) is the normalized signal autocorrelation shifted
R 7o
by TR - TO, where TR i1s the signal round-trip time and
TO is the processor's time origin. Since TR - TO is

generally not an integer, the subscript j—(TR—TO) implies
sampling of the continuous signal autocorrelation function
at a nonintegral value of shift.

The noise component of CJ 1s shown to be
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9l (e
Var [C J. _\P_ ar (A-4L4)

This noise is dependent only upon the shape of the effective
system passband.

Let us define an effective input signal-to-noise ratio
as the ratio of total signal power entering the system to
total nolse power entering the system. Since R 1is the
total signal power coming from the antenna and £ 1s that
fraction entering the system, clearly AR 1s the input
signal power. W has been defined as the effective noilse
bandwidth; so, since there are two channels 1Intercepting
NO/Q watts /Hz for positive and negative frequencles, the

total noise power is ENOW and the effective input SNR is

R
SNR,,, = EI%;W (1%)

For maximization of SNR it is not possible 1n general

in’
to simply increase the bandwidth to make £ — 1, since the
denominator will likewise increase. Let us now defilne and
examine the output SNR. The signal output is E[CJ]. The
power may be defined as the square of the height of the maxi-
mum value, i.e., where p =1 due to an argument of zero.

The nolse power may be defined as the variance of Cj' There-~

fore the output SNR is
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10°(B°R° MW7)

SNR_ = ~
3
%%T |H(f) |  ar

- 00

2 .2
- lO3 R™ B (15)
Ng g |H(f)|4 ar
The optimum H(f) to maximize SNR, may now be found.
g G(f) [H(f)|® af
105R% o
SNR_ = (16)
o} N2 ®
° ' mee)  ar

-0

(o]

If we multiply the numerator and denominator by f Ge(f) ar

-0

and use the Cauchy-Schwarz inequality wherein for any real

o0 2
[S a(2) v(2) de]

-0

a and vy

<1 (17)

o]

§ af(¢) ae S: v2(¢) at

- 00

(with equality if and only if a = Ky, with K equal to

any constant), then the following inequality holds
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SNR, = =) G7(f) df { — _ J_
° g G°(r) ar S 1H(f)|4 af
3.2
&8 S e2(r) ar (18)
N =0
®)

where G — a, |H|2-» Y, and the quantity in braces 1is less

than or equal to one. The maximum value of SNRO is

obtained if and only if |H(f)|2 is chosen to be propor-
tional to G(f). Then
32
_ 10°R 2
SNR = = g G (r) ar (19)
max NO =00

Since JZ G(f) af 1is unity, it is seen that the maximum

SNRO is strongly dependent upon how the area underneath the
G(f) curve is distributed. Clearly if G(f) 1s concentrated
in a very narrow band, much less nolse has to be admitted in
order to obtain most of the signal energy than if G(f) were

widely spread. Thus a higher SNRO would result.
max

A. Time Spreading Effects

The effect of time spreading upon detection of the
returned signal may now be examined. Let the power of a
transmitted signal be s(t) in time. Then, as mentioned
earlier, we may find the power vs time of the returned
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signal by a convolution with the power impulse response of

the target. Hence reflected power as a function of time is

o0

P(t) = § n(e) s(s-2) ot (20)

- 00

This is the situation existing with the present system, if
s(t) 1s the coding sequence and P(t) 1is understood to be
the signal (and allowed to be negative) just after channel
subtraction (see Fig. 3).

Let us consider the crosscorrelation operation in terms
of contilinuous signals. There is complete equivalence between
a continuous and a digital formulation of this operation, the
latter simply being a sampling of the former. The operation
(ignoring the constant factors) then is

T

S P(t) s(t-1) dt

6]

c(t)

T
g Sm n(¢) s(c-¢) s(c-t) dt d¢

0 T
- 5 n(e) g s(t-£) s(t-t) dt d¢ (21)
=00 O

By a change of variable v = t-§£,

0 T—e
oe) = § ne) § slv) s(yeter) oy oe (22)

-0

The nonzero extent (i.e., time spread) of h(g) is, at most,
several seconds. Therefore, for T = 1000, a very small
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error 1s introduced if the 1limits of the inner integral are

changed to [0, T}]. Thus, for T = 1000,

. 1000
c(r) - § ne) § stw) sty - (s-0)1 ay 0 (23)
= 0

The inner integral is recognized as the signal auto-

correlation, lOBp(T-g). Thus

o(r) = 107 | n(e) p(r-t) ot (24)

and we observe a convolution of the transmit sequence auto-
correlation function with the power impulse response of the
target.

Returning toc the digital crosscorrelation scheme, we
observe that no problems have been created, since the digital
technique simply evaluates C(t) for integral values of 7.
Time spreading due to the target is thus observable as the
departure from the ideal shape of the crosscorrelation curve.

If the power impulse response of the target were known
exactly, then the optimum correlation scheme (for a given
transmitted signal) would crosscorrelate the returned signal
power with a replica of the transmitted signal coding which
has been convolved with h(t). Since the results of correla-
tion detection and "matched filtering" are identical, we see
that this deliberate distortion of the "stored" signal will
maximize the output SNR via the matched filter concept

[Davenport and Root, 1958]. It should be noted that this is
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a true optimization only if the noise entering the correlation
scheme 1s essentlally white. If it were not, a "prewhitening"
or "bleaching'" filter would be necessary after the squaring
operation. For a narrowband gaussian nolse process with the
power spectral density shown in Fig. 9a, the power spectrum
of its square (after filtering out the double frequency term)

can be shown to be as in Fig. 9b [Davenport and Root]. The

{a) INPUT POWER
SPECTRUM
A
— B et——
l
|
T T T
-y 0 +tq FREQUENCY
(b) LOWPASS OUTPUT
POWER SPECTRUM
IMPULSE
AREA —__\\\\\\\\\-_.
. 2 an’s
4A°B
f ] I
-B 0 +8B FREQUENCY

Fig. 9. INPUT AND OUTPUT POWER SPECTRA FOR SQUARE-LAW
DETECTION.
output spectrum obviously 1s not white. However, the impulse
is removed when the two channels are subfracted. In addition,
since the signal bandwidth is of the order of the inverse of
the pulse length, the effective bandwldth of the equivalent
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matched filter is several orders of magnitude smaller than
the bandwidth B of Fig. 9b. Thus the correlation operation
sees noise which is essentially white with a power spectral
density approximately equal to MAEB, and no prewhitening is
necessary.

If both the echo power spectrum and the power impulse
response are known (and theilr product is the scattering func-
tion), then the optimum system for maximum output SNR (for a
fixed signal) consists first of an input filter |H(f)|
equal to the square root of the echo spectrum and a power
detector. Correlation with the transmitted signal is then
performed after it has first been convolved with the power
impulse response.

The problem of choosing a pulse length for maximlzing
detectabllity 1s easily consldered but not readily resolved.
Observe from Eq. (24%) that to maximize C(0), since h(t)
1s fixed, we simply desire p(-£) to be as large as possible
over the range of nonzero h{(€). Since p 1s limited to
unity, this corresponds to making p = 1 over the range of
nonzero h. Thils cannot be done exactly, and can be
approached only to the extent that time resolution 1s sacri-
ficed. However, for pulse lengths much longer than the time
spread, maXimum detectablility 1s essentlially obtained. The
desire for resolution of the time spread calls for pulse
lengths shorter than the spread, which reduces the output

SNR due to the overlapping of pulse intervals.
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B. Amplitude Fluctuations of the Received Signal

As mentioned previously, amplitude fading of the returned
signal 1s certain to exist, if only from PFaraday rotation in
the earth's atmosphere which causes polarization misalignment
when an antenna of only one linear polarization is used for
reception. If a dual-polarization receiving system were
employed and the two polarization powers summed, then the
fading effects of Faraday rotation (both earth and/or solar)
could be eliminated.

The effect of Faraday rotation (for a single linear
polarization) is a time-varying (power) gain with a range of
[0, 1] and an average value of one-half. The daily variation
of measured cross section at El Campo indicates that changes
of cross sectlon within hours are probable. Variations within
minutes and seconds should be considered a possibility until
results show otherwise.

If it is assumed that both channels are affected equally
by fading, then at the point after channel subtraction the
returned signal (normalized) may be considered to be
£(t)a(t)s(t), where f£(t) is the Faraday (earth and/or solar)
fading power gain factor (limited to [0,1]), a(t) is the
instantaneous cross section of the corona, and s(t) is the
transmit encoding. Observe that f£(t) > 0 and a(t) > O,
while s(t) can be positive and negative. Time spréad is
assumed negligible. If the changes in reflected power level

are slow enough so that a receiver's bandwldth may follow
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them, we are justified in defining an instantaneous cross
section. Any measurement of cross section is a time average
of a(t) over the signal interval. If a(t) can vary
significantly during a day, then the measured value of cross
section may bear 1ittle resemblance to that value which might
be considered the average cross section for that day. The
ideal measurement would be to obtain a(t) exactly, but if
this is not possible, an understanding of what actually is
being done is necessary. The quantity a(t) should be
modeled as a nonstationary random process since stationarity
does not seem reasonable here due to the correlation experi-
enced between cross section and solar activity. The concept
of an average value of a(t) thus becomes somewhat ambiguous
because a '"time average'" is now a function of time. To cir-
cumvent this difficulty, quasi-stationarity of a(t) will be
assumed. If only one run were made per day, it would be
desired that the cross-~section measurement be representative
of a(t) for the entire day. Thus we could consider the
quasi-stationary mean E[a(t)] = @ %to be the average of the
true nonstationary process over one day. a(t) will fluctuate
about this mean and will [in conjunction with f(t)] produce
errors in estimates of O when a reflected signal 1s
analyzed.

The crosscorrelation processing is (ignoring a constant

factor)
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The signal component of C(t) is

T

Elc(T)] = S E(f(t)]Ela(t)] s(t) s(t-T) dt = FaTp(T)

? (26)
Thus the output 1s proportional to the average cross section.
Since the average of f 1s one-half, this produces the factor
of one-half in the radar equation (2) as previously discussed.

Of interest is the variance of C(t) produced by f and

a. The function f 1s assumed to be a stationary random

process so that both f and a have autocorrelation functions

given by

Rf(T) E[£f(t) £(t+T)] (27)

R (t) = Ela(t) al(t+t)] (28)

Q

It is convenient to define

z(t) = £(t) a(t) (29)

Hence
R, (1) = Ro(7) Ry() (30)

The variance of C(t) is given by
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T 2
Var[C(T)] = E{[ z(t) s(t) s(t-1) dt] } - E2[C(T)]
TT
- § slate) 2(e)) se) se-r) s(8) s(e-r) ot o
- E°[c(r)] (31)

Since interest centers on the error in estimating the cross
section, evaluation of Var[C(0)] is desired (assuming that

the signal peak is at zero shift). Thus

var(c(0)] = S S Elz(t) z(&)] sg(t) sg(g) dt dg - B2(C(0)]
O O
(32)

Since s(t) is +1 and the expectation gives the autocorrela-

tion of 2z,

Var[c(0)] =SS R,(t-€) dt dE - E2[C(0)] (33)

A change of varilable, ¢ = t-£, gilves

Var(c(0)] Sig d¢ dt - E2[c(0)] (34)

The cases of slow and fast fading may now be examined.
We may speak of a "fading time" t, as that time separation
between values of z(t) such that they are nearly independent.
It is obtained (qualitatively in this discussion) as that time
where RZ(T) approaches R_(«) = z°. see Fig. 10 for an

example.
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R,(*)

Fig. 10. A POSSIBLE FADING AUTOCORRELATION FUNCTION.

Slow fading 1s the case where t_ >> T [z(t) is corre-

lated over long periods compared to T]. Thus RZ(¢) ~ RZ(O)

in the inner integral of Eq. (3%); and since R_(0) = ;Z, we
obtain
var{Cc(0)] = Te? - E2[C(O)]
- 1%2° - [Farp(0)1°
- T2[2° - 32
= 7%Var(z] (35)
For the case of fast fading, we first define
R,(7) = Ry(r) - 2° (36)
z z
Then Eqg. (34) becomes
T-¢ T T-f
Var[c(0)] = STS R’;(¢) d¢ de +SS z° d¢ dt - E°[c(0)]
6 -¢ o ~-€
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R, (9) ao at
Je

For fast fading,

(37)
b, << T,

therefore,

the inner integral
T o

H R, (¢) d¢ dat

o) -0
o]

T S R_(¢) do¢

Z
=0

limits can be changed to 4+« with negligible error.

Var{c(0)]

i

|

(38)
The latter integral 1s the shaded area in Fig.
proportional to to(zg

10 and is

- 22), where the constant of propor-
tionality depends only upon the generic form of RZ(T). If
RZ(T) is assumed to have the simple triangular shape of
Fig. 11, the constant is unilty.

Therefore

var(c(0)] = Tt Var(z]

For an RZ(T), where

(39)
to cannot be explicitly determined,
it 1s possible to always make the proportionality constant

R,(7)

]

—

_'o

17777

-Ho
Fig. 11.

FUNCTION.

A TRIANGULAR FORM OF THE FADING AUTOCORRELATION
SEL-67-071
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unity and to define to such that this is true. If this is
done for an RZ(T) conslisting of a gaussian curve on top of

22, it is found that ¢t _ corresponds to the 2.5 standard

0

deviations point on the gaussian curve and at that point is
reduced to 4.3 percent of its peak value. This interpretation
should be considered as a definition of to for the following

results. In summary:

72 Var([z] slow (to >> T)

Var[C(0)] = (40)
Tt Var([z] fast (tO <K< T)

We may define the normalized standard deviation of the error

by

vvar(z]

sl
Elz] ow

_Vvar[c(0)]

%t = TEIC(O)T " ) (41)

j' o Varle]

fast

If we define a normalized standard deviation of the fading

function as

_ VVar[z]
o, = ST (42)

we then have

op 1 slow (tO >> T)
== (43)
Z 0

-T—- fast (tO <L T)
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Thus we have the fractional error of the cross section
related to the fractional variation of the fading function
in terms of the fading time and the length of the signal.
This result has general application to any system.

For comparison purposes, the exact solution of UE/OZ
using the autocorrelation function of Fig. 11 has been

carried through beginning with Eq. (34%). The result, with

all terms defined as above, is

o
£ - ()
Z

s o
T T 3T (T > %)

In Fig. 12, cE/bz from Eq. (43) for various values of T

and to 1s plotted for the slow and fast fading cases (solid
lines). The exact solution for the triangular autocorrelation
function 1s plotted as dashed lines and is probably represen-
tative of the exact results obtainable from the class of
autocorrelation functions which are well behaved in the sense
of not having any sidelobes comparable to RZ(O).

For an example using Fig. 12, let to = 100 sec with a
1000 sec signal. The value of cE/oz 1s then approximately
0;3. If the standard deviation of the fading factor were

50 percent of its average value, we could expect the error

in the measurement of the cross section to have a standard
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Fig. 12. FRACTIONAL MEASUREMENT ERROR AS A FUNCTION OF
FADING TIME AND SIGNAL LENGTH.
deviation of 15 percent relative to the true cross-section
value.

It should be noted that since RZ(T) is the product of
Rp(T) and RG(T), the fading time of R_(7) 1s essentlally
determined by the minimum value of the fading times for f
and o individually, with this approximation becoming exact
as the ratio of individual fading times becomes large. Thus
we see that if both f£(t) and af(t) change very slowly,
measurement errors will be large, while if either changes

very fast, the error will be small. If a dual polarization
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system 1s used, f(t) =1 and RZ(T) =R (7).

While Ra(r) is essentially an unknown function of the
corona, Rf(r) can be established quite well from the assump-
tions made above. We have assumed that f(t) is a stationary
random process restricted to the range [0, 1]. It arises as
the square of the sine of a phase angle which we shall assume

to be uniformly distributed over [0, 27r). Thus

£(t) = sin® o(t) (45)

where the probability density of 6 is

py(6) = 5%. 6 ¢ [0, 2r] (46)
Hence
Elf(t)] = & (47)

Using Parzen [1960], the probability density of f may be

readily found to be

pelf) - ——— £ 0,1 (48)
The mean square value of f is
5 1 1 f2
B[ £°] = g fgpf(f) ar = S; ot - %- (49)

Thus

Var[f] = E[£°] - E°[f] =

o8] o
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If a(t) 1is fixed and equal to unity, then from Eq. (42)

Thus, 1in addition to causing a loss of half of the power
for a linear polarized antenna, Faraday roftation can also
cause substantial measurement errors. Consider a fading time
of 300 sec and a signal of 1000 sec duration. With o, as
above, then Ops the standard deviation of the error, is 40
percent of the actual cross-section value.

When the total columnar electron content of the signal
path is changing linearly with time, the polarization angle
will also change linearly. If this holds true over a signal

interval,

£(t) = cos® (a t + 6) (52)

where © 1s a random phase angle which is uniformly distrib-

uted on [0, 2r]. Then it can be directly found that

Rf(T) = %-+ % cos 2w T (53)

If a(t) is assumed to be unity, we may evaluate
Eq. (34) for this form of f(t). The evaluation is straight-
forward and produces
sin® o T

vVar[C(0)] = ———s" (54)

8w 2
0
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For very slow fading, Wy approaches zero and

72
lim Vvar[c(0)] = =
wd~0

(55)

Since Var[z] 4is 1/8 [Eq. (50)], Eq. (55) thus agrees with
Eq. (40) in the slow fading case. For the fast fading case,
to may reasonably be defined as the time between an adjacent
minimum and maximum of f(t). Hence t, becomes W/?wo.
Thus for the squared sinusoid form of f(t), the output
varilance when compared to the completely random case 1is
smaller (for fast fading) by a factor of

2 sin2 wOT
<1 (56)

vaT
The expressicn for fractional error can be evaluated and is

9 _ |sin onI_
o, wOT

(57)

Since g, is known,

|sin w T
ow = /b (58)
0

The reason for the squared sinusoid form of f(t) giving
a smaller error 1s because 1ts structure forces it to be a
better "averager'" than a completely random process.

The assumption of quasi-stationarity for aft) creates
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a problem when more than one run is made on a given day,
since we are now able to make several estimates of a(t) at
slightly different times. If several measurements near the
same time give nearly identical results, then the quasi-
stationary assumption would appear to be justified and ¢
and /or o, must be quite small.

If a large scattering of measured values results from
several successive measurements, then from the standard
deviation of the measured values and by use of Fig. 12, a
relation between to and o, may be obtained. If a succes-
sion of measured values displayed a somewhat steady prog-
ression, this would indicate that the cross section was
indeed changing and the quasi-stationary assumption would
clearly be in error. It would be apparent, however, that
to and /or o, were small or this could not be observed.

From the analysis above, the effect of various assumed
modes of behavior for ionospheric fading and cross-section
fluctuations may be readily evaluated. From the analysis,
we see that the measurement of cross section obtained is
exactly the time average of a(t) over the signal interval.
The error we have evaluated is in terms of how well tThis
measurement represents the average value of the cross section

over periods of time much larger than a signal interval.
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CHAPTER V

SYSTEM VALIDATION

The claim will be made in Chapter VI that the data
taken and analyzed with the Stanford solar radar show that
the radar cross section of the sun was below the system's
sensitlivity to detect, even when many runs were summed.
Before this can be accepted as probable, a substantilal
effort must be made to prove the validity of the system as
a properly functioning radar. This will now be done. A
description wlll be given of the techniques used to maintain
time synchronization, frequency accuracy, and antenna align-
ment. The use of several sets of our artificial data and
actual data from the E1l Campo installation to check the
system will also be discussed.

The computational scheme for determining the phasing of
the antenna elements for a celestlal target during transit
has been fully verified by over 5 years of extensive lunar
radar investigations (see references listed under Stanford
Radioscilence Laboratory). The phasing calculations used in
the solar work have since been lndependently recalculated
and are in agreement with those used during the experiments.
Since the elevation of the sun is high during the summer
months, lonospheric refraction is quite small, but a correc-
tion was made to account for this effect. The correction
scheme was the same as applied to the lunar work.

The gain of the antenna was measured by comparing moon
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bounce signal strength to that obtained with a reference
dipole. The measured gain was 25.3 dB over isotropic. This
value compared very well with the theoretical design gain of
25.9 dB [Howard, 1965], which shows that the phasing calcula-
ftions give the proper beam positioning. A further verifica-
tion of pointing accuracy was that the measured moon signals
consistently gave a lunar radar cross section of 7 percent

of the physical cross section.

During a solar run, the fransmitter power level was
continuously monitored. With the power level used, 1f the
power was for sSome reason being dissipated elsewhere than
the antenna, it would be readilly apparent by the smoke and/or
fire. This same transmitter at the same frequency and with
the same power output was used for the successful lunar work.

The transmitter coding was checked by comparing the
strip chart record of the keying with the correct sequence.
In addition, since the tape recorder was started before the
transmitter stopped, an independent check upon the transmitter
operation could be made. Such a check was possible because
the receivers, although isolated as much as possible from the
transmitter, nevertheless picked up the signal and recorded
it on the tape, thus allowing the transmitter frequency
shifting to be checked with reference to the timing and
reference pulses recorded on the tape. The strip chart also
had the timing and reference pulses recorded upon it. The

reference pulses were always begun at a preselected time with
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reference to the transmit beginning. Thus, by checking the
strip chart and the magnetic tape, the absolute time reference
could be verified and this was done for every run.

From observing the actual frequency of the tail end of
the transmit signal on the tape, it could be determined if
the receivers and the transmitter had the proper frequency
relationship and that the mixing operations in the receiver
were proper. To preserve the proper sense of frequency on
the tape, the recelver must equivalently perform a "low-side"
mixing operation. Then if a receiver was tuned higher than
a transmitted sine wave signal, the frequency of the sine wave
on the tape would be lower by the same amount when compared
fo the tape frequency which corresponds to the receilver's
intermediate frequency. (See Table 1.) The tape recorder
zero-doppler frequency 1s the frequency actually found at the
beginning of the tapes due to the transmitter. This observa-
tion showed that the receivers and the transmitter were
properly tuned.

Processing of the data, which was not done in real time,
critically depended upon the time reference recorded on the
fape during reception. Absolute timing was derived from the
first clock pulse after an unambiguous step in the timing
channel. Relative timing was then derived from the ensuing
pulses at the 1 sec clock rate. Each clock pulse produced
a data point (xk or yk). Any excess or deficiency of

pulses would cause signal distortion and loss of absolute
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timing. To combat possible noise in the timing channel, a
scheme was used whereby single clock pulses could be accepted
at a rate only slightly fastcer than the nominal 1 Hz rate.
If noise pulses were present, they would be ignored unless
they occurred Jjust prior to a true pulse. In this case, the
noise pulse would trigger the sampling and the true pulse
would be ignored. A very small error would exist in two
succegsive data points, but absolute timing would be main-
tained. Up to several seconds of continuous noise in the
timing channel could be tolerated with this scheme, producing
only small errors in the sampled points but ensuring accurate
timing. Only a very small number of runs actually required
this scheme, but it was used to guarantee that timing was
properly maintained. 1In the unlikely event of the loss of
one or more clock pulses, the problem would be apparent by
large deviations of the data points from the average. All
runs with such deviations were checked and in only one case
was the loss of a time pulse responsible. For the other runs,
no time pulses were missing in the vicinity of the large
deviations. High levels were seen in the data channels, how-
ever, and thus these large values represented the true data.
To substantiate this finding, the runs were reduced again and
gave identical results.

Several schemes were used to check the entire system.
The data processing program for the IBM 7090 computer had a

self-checking routine which constructed an artifical signal
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and performed the crosscorrelation. Several artificial
silgnals were constructed on magnetic tape and used for check-
ing the processing. Two noise-free test signals were recorded
with the signal specifically located with respect to the
standard timing format. These signals provided an accurate
assessment of the processor's timing. In addition, three
fests were run using the entire receiving system, including
the antenna. The shift register was used to switch between
two signal generators in order to construct the signal which
was then connected to a small antenna on the roof of the
statlion. This antenna was almed toward the log-periodic
array, which was phased as for a normal data run. The ampli-
fude was first adjusted so that the signal and noise power
levels in the recelvers were equal and then was attenuated
by the desired amount. The standard timing format was used,
with the processor time origin identical with the beginning
of the "transmitted" signal. The resultant crosscorrelation
for a test signal which was 23 dB below the noise [as defined
by Eq. (14)] is shown in Fig. 13. Interference was severe
during the tests and produced large fluctuations in the out-
put. The outputs of the processor for all test runs gave
results in close agreement with the input signal levels.

For actual data runs that were relatively free from
interference, the varilance of the difference between the
channels dk and the correlation output Cj were very close

to that calculated for gaussian noise in Chapter IV. The
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Fig. 13. TEST SIGNAL OUTPUT CORRELATION.

variance of the data points X and Y, Wwas generally
considerably larger than that which a gaussian nolse input
would be expected to produce. The correlation coefficient

between the set of data points for each channel was

k2 Yk
calculated for all runs and the figure obtained was generally
above 0.9 with values of 0.96 to 0.99 being quite typical.
The high variance of each channel i1s due to a lack of statis-
fical stationarity in the input noise. However, the non-
stationary component apparently cancels out quite well and
Justifies the approximation of the input noise by a gaussian
process. The high correlation between 16 kHz bandwidth

channels spaced 50 kHz apart 1is seen by comparing the plots

in Fig. l4%a, b. These plots are of x _ and ¥, for 1,000
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Fig. 14. TYPICAL DATA FROM A RUN IN THE 1965 SERIES

%TAPE 589-2).
data points for a typical run from the 1965 series. It is
difficult to see differences between the plots. The correla-
tion coefficient for this run was calculated to be 0.990.

The test tapes were reduced at regular intervals during
actual data reductlion to check upon the processor's perfor-
mance. In addition to the checks above, a series of plots
for every run was produced by an automatic digital plotter

d and C,. The means

k’ yk} k, J
and varilances of these variables were computed as well, which

which showed the values of x

then allowed extensive comparison with expected results.

For a final check upon the signal processing, actual
solar radar data, which were kindly furnished by the El1 Campo
installation, were reduced with the Stanford signal processor.

The transmitted signal used to obtalin the data was nearly
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ldentical with the Stanford signal, and the data format was
quite similar. Thus, only small changes were necessary in
order to reduce the data. The results of two data tapes are
plotted in Figs. 15 and 16 together with the results from the
same data when reduced at the E1 Campo facility. The plots
were scaled so as to agree at the peak value of the E1 Campo
data when the Stanford points were connected by straight
lines. The Stanford reduction was done with a somewhat wider
bandwidth, and in the case of tape EC-43, a very noisy portion
of the original data was rejected. This accounts for the
smaller general noise level iIn the Stanford reductions and in
particular, the elimination of a large noise peak in Fig. 15.
The time scale for the Stanford data points, which was derived
independently of the El1 Campo results, utilized only an abso-~
lute timing reference provided by a single pulse on the tape.
Relative timing was obtained from a 1 kHz recorded clock which
was subdivided to provide 1 sec pulses. The calculations of
returned signal levels agreed fairly well with the E1 Campo
results and corresponded to a radar cross section on the order
of 20 photospheric areas for both runs. The range scale on
these plots gives the point of reflection in the corona,
expressed 1in units of solar radii from the sun's center. An
additional group delay of 2 sec is assumed (Chapter VI). This

range scale will be used 1n all succeeding figures as well.
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Fig. 16. CORRELATION OUTPUTS FROM EL CAMPO TAPE EC-44.
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CHAPTER VI
EXPERIMENTAL RESULTS

Some specific detaills of the experimental work will now
be discussed. These will include background noise, round-
trip time calculations, calculation techniques for the mea-
surements, and the procedure for summing many runs.

Since the background noise was almost entirely galactic,
the effective temperature of the antenna was dependent only
upon the reglon of the sky toward which it was pointed. Thus
the background noise during transit varied only slowly from
day to day. During the near-transit period the level would
slowly change as the beam swept across the sky. The sky
temperatures which were seen corresponded very well with what
is expected by extending the radio sky map at 64 MHz [Hey et
al, 1948] to 25 MHz with a spectral index of 2.6. The noise
level was consistent enough to allow the use of calculated
noise levels for computation, with accurate measurements of
the noise level being made periodically to check on this
assumption.

By knowledge of the noise level (with corrections for
interference or solar noise bursts) and using the results of
Chapter IV, the correlation output may be calibrated in terms
of received signal power. By estimating the fraction (B)
of the returned signal power that was accepted through the
system's filters, compensating for the overlap of the signal
channels, and using the radar equation, the output may be
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calibrated directly in terms of radar cross section. The
calculations of the overlap and the resultant value of B8
were made by assuming that the doppler spreading of the signal
which was experienced at 38 MHz for 1963-1964 would be a rea-
sonable estimate of the 25 MHz situation if it were scaled by
the frequency ratio. Accordingly, Fig. 7 of James [1966] was
scaled to produce Fig. 17. The choice of where to diminish
the tails to zero 1s somewhat arbitrary since the data are

not well established outside of the doppler spreading range
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Fig. 17. ESTIMATED 25 MHz FREQUENCY SPREAD BASED UPON
ELL CAMPO RESULTS AT 38 MHz.

(on the present scale) of (-12, +18) kHz. The integral of
the product of this function and the system filter shape,
with overlap included and using approprlate normalization,
gives the estimate of the fraction of power actually accepted

by the system. The 1963 system, due to the small frequency
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shift (16 kHz) and the consequent large overlapping of the
ftwo channels, has an estimated value of B of 0.25; 1904
was much better due to a larger shift (40 kHz), giving 0.38.
The 50 kHz shift used in 1965 gives an estimate for £ of
0.42.

The calculation of round-trip times was made using
149,599,000 km for the astronomical unit (nominal earth-sun
distance), 299,793 km/sec for the speed of light, 696,000 km
for the photospheric radius, and 6378 km for the earth's
radius. The standard ephemerides [American Ephemeris and
Nautical Almanac, 1963, 1964, 1965] were consulted for daily
tabulation of relative earth position and were interpolated
for the true time of transit at Stanford's longitude. An
additional delay of 2 sec was included to account for group
delay in the corona. This figure has been calculated [ James,
1966] by assuming the coronal electron distribution determined
from optical considerations by Pottasch [1960]. This distri-
bution has principal application to periods of sunspot mini-
mum. Since our data were taken near a minimum (1964 was the
null), this seems to be a reasonable figure.

Echoes at frequencies lower than 38 MHz will be reflected
at points farther from the photosphere. Reconsideration of
the 1959 Stanford results by including a 2 sec group delay and
correcting the time calculations indicates that echoes were
probably obtained from the region 2.2 to 2.4 solar radii from

the sun's center. The time correction was necessary since the
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two-way travel time for 1 A.U. was originally based upon
early Venus radar results which were in error by about 1 sec.
Because of the small number of runs in 1959, this range can
only be expected to be a guide.

In the digital computer, all data were first cross-
correlated just as they came from the previous steps of the
reduction. However, 1n many cases, even with amplitude lim-
iting of the analcg signals, large digital values were pro-
duced by interference or solar bursts. If the dilsturbances
were well balanced in the two channels, good cancellation
generally occurred. However, often an imbalance existed due
to a variable spectral characteristic of the noise. In these
cases, very noisy crosscorrelations would exist with standard
deviations of the output occasionally reaching two orders of
magnitude greater than typical values. A selective procedure
in the computer program was used to correct abnormally large
values of the input data points and of the difference between
the channels, and additionally, to correct the estimate of
input noise power level. All correlation plots shown here
have been corrected when needed.

In the 1963 and 1965 runs, no great problems arose. In
1964, however, a falrly serious problem arose in the form of
a subtle mechanical oscillation in the tape recorder with a
period of approximately 27 sec. The difficulty apparently
manifested itself as a slight buckling of the tape which pro-

duced a small gain variation on one data channel. Upon
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subtraction and crosscorrelation, a semiperiodic component
was present in the output. The difficulty was not apparent
until the test series was concluded and many runs had been
summed, producing a sSsummation with very large variance. An
analysis showed that with small error, the small gain varia-
tion, if sinusoidal, would produce an additive sinusoidal
component after channel subtraction. It was also concluded
that filtering could probably remove most of the corruption.
Accordingly, spectral analyses were made and a digital rejec-
tion filter was incorporated in the computer program. Instead
of acting upon each set of data with a convolution operation,
which is expensive when done for many runs, even with the
fastest computers, it was shown that the filtering operation
could equivalently be performed upon the sequence against
which the data would be correlated. The data were grouped
by the spectral characteristic of theilr corruption and the
convolution was performed only once for each group. The
filtering was quite successful in removing the bulk of the
corruption. However, enough remained to badly taint the data
and raise the sensitivity threshold. The effective attenua-
tion of the desired signal was only a few percent. Thus the
1964 data are still completely valid in spite of their higher
noise level.

In 1963, valid data were obtained from 61 runs during
the period 29 June through 10 July, and 3 August through

30 August. The output correlation for a typical day 1s shown
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in Fig. 18. The symbol 9 denotes the radar cross section

in units of the photospheric disk area (1.52 x 10%° m°).
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Fig. 18. TYPICAL 1963 CORRELATION OUTPUT - TAPE 283-2.

The 1963 runs generally had smaller fluctuations in the out-
put since the two channels were much closer in frequency and
better correlated. In none of the runs were echoes apparent.

The 1964 series consisted of 128 valid runs made in the
period 2 July through 20 September. The output crosscorrela-
tion for a typical run in this series is shown in Fig. 19.
Agaln, no ecnoes were apparent in any of the runs.

The 1965 series was done between 31 August and 24 Sep-
tember with a total of 38 valid runs being made. A typical
output correlation is shown in Fig. 20. No echoes were

apparent in any of the runs.
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Fig. 20. TYPICAL 1965 CORRELATION OUTPUT - TAPE 595-1.
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A. Welghted Summations of Data Runs

A description willl now be given of the technique used
for summing many runs to improve the system's effective
signal-to-noise ratio. A necessary first assumption is that
the depth of penetration of the signal into the corona is
reasonably constant with time so that a composite echo may
be built up by shifting each individual output to correct
for changes in round-trip time caused by the changing earth-
sun distance. By calculations, then, we may determine a

th

value of Gy and ti for each run such that the 1 out -

put can be expressed as

cgi) - 03000y g * Ngi) (59)

where Cgi) is the jth point of the correlation for a run

indexed by 1, incorporates a;l the system parameters

%
in the radar equation, 9 is the radar cross section of

the sun in photospheric area units and is assumed to be con-

stant for all runs that will be summed, denotes the

Pj_ti
autocorrelation function of the signal shifted by a relative

delay ti, and Ngi) is the (zero-mean) noise at output
th

point J of the 1 run.
A linear weighting is proposed:
M
8, = ), 8yol) (60)

i7j+t.
i=1 ST
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where éj is the summed output and Bi is a weighting
factor for the 1’ pun. Cgi> is shifted by ©, so that
all echo peaks are brought into coincidence. An optimum set
of weightings exists; and by a simple argument, using the
Cauchy-Schwarz inequality, the optimum Si's which give the
maximum signal-to-noise ratio for éj are found to be

[Brennan, 1959]

By proper choice of this constant, 6j becomes an unbiased,
consistent estimator of Op e Since the signal peak is weaker

than the noise,

4T = (o7

All parameters are thus determined for optimum welghting.
The expectation of Eq. (62) can be approximated very well by
a simple summation if the average of Cgi) is near zero.
To ensure that a drift in Cgi) will not cause a large in-
verse welghting for an individual run, a linear curve 1is fit-
ted to each output in the minimum mean-square-error sense.
After this curve is subtracted, the calculation of noise
variance is made and the summation is performed.

This technique was used to perform 64 different data

summations, with various criteria used to select the groups
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fo be summed. Groupings were made by means of year, general
noisiness, specific noise due to solar activity, high and
low sunspot numbers, and several combinations of the above.
No echoes were apparent in any of these summations. The
significant summations are shown in Figs. 21 to 24. The
total swunmation for each year is given, as well as the sum
of all 3 years.

One additional set of 12 summations was performed incor-
porating the actual daily cross-section values measured at
El Campo on the days that both systems were run [James, 1967].
These values were used as an additional multiplicative factor.
The plotting scale is thus the average fraction of the El
Campo values seen by the Stanford system. For 1963, 28 runs
were coincident and were summed; for 1964, 62 runs; for 1965,
32 runs. The results are shown in Figs. 25 to 27. In addi-
tion, all runs of this category were summed for all 3 years
and the result appears in Fig. 28. Figure 25 presents the
only summation of any large number of runs which could repre-
sent a returned signal. If this were the case, 1t would mean
that the average fraction of the E1 Campo cross section
represented by these data would be 0.85. This is certainly
not an unreasonable value. However, the significance of this
peak is very low (2.5 standard deviations above the rest of
the output) and consequently nothing can be reasonably
claimed.

Since echoes were not readily apparent in any of the
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data summations, it would seem reasonable to consider Figs.
21 through 23 as providing the most realistic assessment of
the situation, since the summations in these figures include
all the runs for each year. If the cross sectlon were large
enough to produce a substantial peak, then an estimate of
the average cross section during the runs of each year would
be obtained. If a peak 1is not apparent, then an upper bound
on the average radar cross section may be estimated 1f it is
known that the returned signal did exist 1in the system but
was below the detection threshold. It i1s Impossible to prove
that a signal existed if it could not be detected. The best
that can be done is to show a high probability of existence.
It is claimed that this has been demonstrated in Chapfter V.
The principal reason for the delay before reporting these
results was to permit substantiation of this claim. Accepting
this claim, we may estimate the magnitude of cross section
which would be readily detectable. Since we are looking for
a peak with the shape of Fig. © within a few solar radii of
the sun, a maximum value of 2 for the average cross sectilon
of each year's data 1s quite conservative, especilally for
1964 (Fig. 22) and 1965 (Fig. 23). A peak of this magnitude
would be readily apparent in all three plots. In addition,
Fig. 24 shows that this value is reasonable when considering
the average of all 227 runs.

The conservative conclusion for the data 1s that the

average radar cross section of the sun was below Two
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photospheric disk areas during the investigation periods of

all 3 years.

B. Comparison with Other Experiments

In Fig. 29 are shown the average results of the six
successful Stanford experiments of April and September 1959,
and the M.I.T. measurements, which have been nearly continu-
ous since 1961. After James [1964], the original Stanford
results, which used only a 2 kHz bandwidth, have been cor-
rected to apply for the total energy which would be received
in a very wide bandwidth. This is done by scaling the 38 MHz
frequency spreading (echo spectrum) to 26 MHz (as in Fig. 17)
and comparing total powers. The value of 80 which is obtained
for Oq is probably a minimum value due to the conservative
values used for some of the system parameters. The average
cross section values for 2 to 3 month perlods are shown for
the E1 Campo data [James, 1966]. The unusually large individ-
ual values of o, were not included 1n the monthly means
[James, 1967]. The yearly average (Zurich) sunspot number is
also displayed. The long-term correlation of the measured
El Campc values and the sunspot number 1ls quite apparent.

The maximum value of Oy = 2 at 25 MHz represents the sensi-
tivity of the Stanford system as discussed previously.

The first point to consider 1s the large decrease 1in 94

between 1959 and 1963-1965 at 25 MHz. The small frequency

difference between the two sets of experiments at Stanford

SEL-67-071 68



100 —0 S
® o SINGLE
T o] o UNUSUAL LY
s0 |- £CORRECTED LARGE VALUES
STANFORD OF o,
VALUES OF 0 MEASURED
0, AT 26 MHz AT EL CAMPO
[ (38 MHz)
020 o © -+ 200
§
g [ L
=
5 10 B @
S - o) 100 i
[ =z
2 //////”' 2 OR 3 MONTH AVERAGES 2
o 5 t / =1
g YEARLY AVERAGE . OF g, AT EL CAMPO 50
o SUNSPOT NUMBER < , &
<T s . Z
[=} ~ 2
g 2b ™~ iy
N ==~ ——— = 20 §
MAXIMUM VALUE OF oXS S [
G, AT 25 MHz 0% S of0 N
1.0 - O 10
05 i ! s ! N [ " I s | L {

. - 5
1-1-59 1-1-60 1-1-61 -1-62 (-1-63 “U I-i-64 I_'l-n-ss Hm-es
DATE

DATES OF 25 MHz DATA

Fig. 29. COMPARISON OF RADAR CROSS SECTION MEASUREMENTS.

(about 1 MHz) could not be responsible. The generagl level of
solar activity is indexed quite well by the sunspot number.
Thus a high sunspot number could reasonably be expected to be
correlated with a more active and disturbed coronal region,
which could then produce a larger number of regions with
reflecting surfaces capable of directing energy back to earth.
Thus it would seem reasonable that high values of cross sec-
tion could occur during years of high sunspot number, whereas
when the sun was relatively stable during sunspot minima, the
cross section would be lower. This correlation with the sun-
Spot cycle appears to be a reasonable explanation for the

Observed variation in 0o+ There is the possibility that the
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1959 measurements arose from the same phenomenon which pro-
duced the unusually large values of 9, at 38 MHz. Whatever
this phenomenon is, 1t may be very common near sunspot maxi-
mum. It certainly does not seem to be common during the
minimum of the sunspot cycle. In any event, the 1959 results
were obtained on 5 separate days in two groups 5 months apart.
The signal levels received, while certainly not identical,
were consistent enocugh to indicate that they were probably
typical of the sun's behavior during this entire period.

The claimed correlation of sunspot number and 94
becomes more reasonable when the 38 MHz data are considered
as well. The E1 Campo values exhibift a definifte correlation
with the yearly sunspot average. However, on a dally basis
the correlation is very low [James, 1966].

Theoretical consideration [Yoh, 1961] of the corona as
a radar reflector indicates that lower frequenciles should
experience a larger cross section because of less attenuation
due to the signal being reflected from higher in the corona.
The present results, however, show that the 25 MHz cross
section could not be much greater than that at 38 MHz or
detection certainly would have occurred. It should be ob-
served from Fig. 29, however, that each of the 1963-1965
series of runs coincided with very small values of o at

0
38 MHz.
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CHAPTER VII
CONCLUSIONS

A. Summary and Conclusions

A model for a radar system to detect the sun has been
established and 1nvestigated. The conditions for maximum
signal detectabllity were derived and discussed.

A model of the time-varying reflectivity of the corona
1s developed in terms of its effect upon measurement of the
average reflectivity (1.e., radar cross section). This is
incorporated into an overall model of the fluctuating signal
problem which includes the effect of random signal polariza-
tion changes due to Faraday rotation in the ionosphere and/or
corona. The net effect upon measurement is shown to be well
represented by considering a "slow" or "fast" fading model.

The results of the experimental work, while negative,
nevertheless imply interesting positive conclusions, due to
a demonstration of the radar system's validity. The average
radar cross section of the sun 1s shown to be less than two
units of photospheric disk area for each of the 3 years the
experiments were performed.

When compared with the 1959 Stanford results, a correla-
tion with the sunspot cycle is implied for the radar cross
section. While this conclusion is weak by itself, the general
large decrease of cross section with decrease in sunspot
number observed by M.I.T. lends weight to this argument. The
results indicate, in addition, that the radar cross section
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of the sun at 25 MHz is probably not signiflcantly greater
than at 38 MHz, if as large at all.

B. Suggestions for Future Work

The dynamic nature of the sun and the remarkable varia-
tion of its radar characteristics with time certainly make
it desirable that further i1nvestigations be carried out. A
more sensitlive system is required than that at Stanford if
low-frequency investigations are deslired during periods of
low solar activity. However, if the cross sectlon is high
every 1l years, then during this period systems comparable
to Stanford's sensitivity probably will be able to obtain
echoes. It should be realized, though, that the last sunspot
maximum of 1956-1960 was the largest ever observed.

The complexity of the corona makes 1t desirable that
every tool of the radar astronomer be applied in order to
evaluate the sun's behavior. The variation of radar cross
section with time and frequency, and the spectrum and time
spread of the reflected signal are obviously desirable quan-
tities for measurement. Moreover, simultaneous measurement
of these quantities at varlous frequencies would be very
valuable since i1t would glve the state of the corona at
various depths at the same time. A system (or combination
of systems) which could investigate the corona at two greatly
differing frequencies simultaneocusly or could alternately
ftransmit a minute or two at each, would give very valuable

results.

SEL-67-071 72



It would also be valuable if the short-term polarization
effects of the corona could be determined. Unfortunately,
the effect of the ionosphere must be removed. Signals of
various polarizations (i.e., linear and circular) should be
fransmltted and then received by means of variously polarized
antennas. Measurements of the ionospheric effects by using
the moon or a satellite as a reference would allow determina-
tion of the corona's effects. This could be expected to give
some information on the sun's magnhetic field.

Resolution of all coronal radar parameters within short
time intervals 1s very desirable but requires correspondingly

greater sensitivity.
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APPENDIX
SIGNAL PROCESSOR ANALYSIS

The recelver model of Fig. 7 is analyzed in thils appen-
dix under the major assumptions of negligible time spread,
negligible fading, random carriers, and other minor assump-
tions of Chapter IV.

Just after the bandpass filter Hl(f)’ x(t) 1is given

by
x(t) = Kl[hl(t) * r(t)] (A-1)

where * denotes convolution and h.(t) 1s the impulse

1€
response of filter Hl(f). Since Sq and s, are slow

compared to gl(t),
x(6) = K (¥R 55 (6) gy (8) * 0y ()]

# AR 8(8) () * by (8)]+ [n(k) * 0y (6)1}  (A-2)

For convenience, ¢t = 0 18 considered to be coincldent with

the leading edge of the returned signal. The middle term of

(A-2) is zero since Gg(f) and Hl(f) are disjoint.
Thus
x(t) = K [\R s, (t)gy(t) + ny(t)] (A-3)
where
gi(t) = gl(t) * hl(t‘) (A_Ll')
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1(t) (A'5)

The power spectra for gi(t) and nl(t), which are

stationary gaussian random processes, are

61(£) = Gy () [By ()| (4-6)
2 2 No
N (f) = [H (£)[°N(f) = [H{(£)|° = (A-T7)
Now Xy is given by
k
x, =§ x2(t) dt
-1
Kk
- & S {Rsi(t)[gi(t)]g + n3(t)
k-1
+ 24 s,(t) gi(t) nl(t)} at (A-8)
Since 8, and n are zero mean, then gi and n, are
zero mean and
K 2
Blx ) - 2§ R{s2(6) Blej (8)] + BIn3(e)]} at  (a-9)
k-1
Now
o0 N o]
E[ni(t)] =S: Nl(f) af = -éo—g_'w IHl(f)|2 ar (A-10)
and
E[gig(t)] = Gl(f)|H1(f)|2 ar (A-11)
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Thus

N
2 7o 2
+ K7 ZT‘S |Hl(f)| ar (a-12)

Since |H1(f)| < 1 and the integral of G.(f) 1is unity,

1 (
B may be defined as that fraction of the returned signal
power around frequency fl that gets through the filter
H,(f). Thus

1>p 8 S Gl(f)iHl(f)|2 ar (A-13)

Using the definition of noise bandwidth W from Eq. (12),
we obtain

k

2 2 2
E[xk] = K{BR g sl(t) dt + K{N_W (A-14)
k-1
The quantity X 1s the average of the x, defined as
1000
X = x (A-15)
1000 k
From Eq. (A-14) 1t is seen that
10
(7 KiaR > 2 2 6
Elx] = 1555 s7(t) dt + KIN_W (A-16)

]

Since sl(t) ls O or 1 alternately, with an average value

of about one-half, the first term is about (1/2) K-BR. Also
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this gives si(t) = sl(t). Now, since the ratio of signal

power (BR) %o noise power (NOW) is much less than unity,

the first term is negligible. Hence E[x] = K°N W. The

170
variance of X 1is 1/1000 of the variance of X, thus we

may make the approximation

X = KN W (A-17)
Thus
X
ok -
X =T (A-18)
and
k
E[xi] = iﬁ%,g sl(t) at + 1 (A-19)
" k-1
Similarly for the other channel,
Kk
' __ER_S _
Ely, ] = 557 s,(t) ot + 1 (A-20)
° k-1
Thus the expected difference signal dk is
k
- ! "1 = _@B._S‘ - -
k-1

From the encoding scheme [Eq. (7)] the integrand is seen fto

be the transmit sequence s(t). Since s, 1s s(t) for

t € (k-1, k), we have

_ BR

Blad =y e
O
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The crosscorrelation producing Cj is

1000
C, = d, s, . (A-23)
k "k-
J kzﬁ J
Therefore
1000
-_B_B_z
E[Cj] = ¥ I (A-24)
O k=1
From Eq. (5), the summation is simply 1O3 Py
Thus
_ 3 BR
E[Cj] = 107 7 Py (A-25)

The crosscorrelation output thus conslsts of a copy of
the signal autocorrelation with an amplitude proportional to
the input signal-to-noise ratio. When the time origin of
the processing is not coincident with the signal's return,
the relative delay produces a shift in the position of the
autocorrelation "copy'" in the output. A relative delay which
1s not an integral number of seconds will also cause a small
distortion of the apparent copy due to the sampling of the
true autocorrelation function. Thus, when the sampling rate
and signal have noninteger relative delay, a sample will not
occur at the actual peak of the true autocorrelation. The
two resulting highest samples will, however, both be larger
than the normal second highest in value. For a returned
signal with a large SNR and no time spreading, the exact
arrival time can be determined by a simple analysis of the
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distortion in shape. This 1s done by a simple extrapolation
of the points comprising the sides of the central peak. 1In
practice, however, time spread and noise generally preclude
an analysis of this accuracy for an individual run.

Thus 1if round-trip time were TR and the processor's
time origin were TO with respect to transmit beginning,

then
E{c,] = 10° BB o, (A-26)

The oufput variance will now be determined. With refer-

ence to Eq. (A-8),

k k
E[x°) = E S g x°(t) x°(t) db dt (a-27)
k-1 k-1

Because of the low SNR assumption, the only portion of x(t)
from (A-3) which is significant for this analysis is

K.n

1 l(t). Thus

k
g Eln5(t) nS(7)] at av (A-28)
k-~

Lo

2

Elx ] = Ky S
k-1 k-1

1

Since nl(t) is zero mean and gausslan we may use the

relation

E{aBcD] = E[AB] E[cD] + E[AC] E[BD] + E[AD] E[BC] (A-29)

where A, B, C, D are zerc-mean gaussian random varilables
[Wainstein and Zubakov, 1962]. Thus

79 SEL-67-071



E[xi] = Ki{Eg[nl(t )1 + 2 S
k-

I,

1(t) nl(r)] dt dr}

(A-30)

1 1

The autocorrelation function of nl(t) is defined as

Rnl(t—T) = E[nl(t) nl(T)] (A-31)
Thus
BLx2] = k/5%n2(6)] + et ( g (t ) at ot (A-32)
k-1 k-1

Since the signal 1s assumed negligible in the present compu-

tation, it is seen from Eq. (A-9) that
Elx, ] = E[n%(%)] &5 (A-33)

Therefore, the variance of X is given by

- E2[x = 2K4 S S t-T) at drt
k-1 k-1

Var[x, ] = E[Xi]

]
(A-34)

By a change of variable, ¢ = t-T1,

Var[x, ] = 2K S S Rﬁ (¢) dé at (A-35)
k-1 k-

1 1-7 1

Since the bandwidth of n(t) 1s generally at least a few

kilohertz, R, (€) will fall to zero for values of £ much
1
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smaller than the inner integral limits. Thus the error in

changing those limlts to 4+« 1s negligible. Thus

varlx) = 2ct § "2 (¢) at (4-36)

Since R (¢) and Nl(f) form a Fourier transform pair, we
1
may apply Parseval's theorem and write

o]

Varlx, ] = QKi Sm NS(£) ar
= exi S: IHl(f)|4 i§<df
4 %
= E%§§.Sw |Hl(f)|4 ar (A-37)
Since xi and X, are related by a constant [Eqs. (A-17),
(A-18)1,
Var[xi] = é?-Var[xk] = E%Q-S: |H1(f)|4 dr (A-38)

Since X and ¥, are Independent but statistically

identical,

Varld, ) = Varlx ] + Varl(y,]

ar (A-39)

I
%JH
16—

3
o

If we wish to consider only the noisy portion of the cross-

correlation output, we begin with
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- °[c,] (a4-40)

The last term will be effectively removed if we consider

only the variance of the input to the correlator (i.e.,

ignore the signal component of dk)' Using Eq. (A-23),

Var[C

Successgslve values of

ignored, thus
E[dkdn]
Therefore

Var[Cj]

Since Sy 1s +1, 1ts

we obtailn

Var[CJ]

SEL-67-071

1000 2

g1 = E 25 I%Sk-3

k=1
1000 1000
_ 2: Bla,a,] 5,5,  (a-41)
k= n=
dk are l1lndependent when the signal is

Var[dk] k =n
- (A-k2)
0 k #n
1000
- ), varle] s2_, (a=43)

square is unity, and using Eq. (A-39)

(o]

3
= 15 ()|t ar (A-kb)
W
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The noise component of Cj which causes thils variance essen-
tially arises from the sum of a large number of independent
random variables. This number is the number of degrees of
freedom of the nolse and is twice the time-bandwidth product.
The total bandwildth can be considered to be 2W for the two
channels. Therefore, for a 10 kHz bandwidth and a 1000 sec
signal interval, the numbef‘of degrees of freedom would be

4 x 107. From the Central Limit Theorem [Davenport and Root],
it can be reasonably expected that the noise component of

Cj will exhibit a gaussian distribution. This can be ex-
pected to be true for any stationary input noise regardless

of its actual distribution.
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